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This paper is concerned with the downstream evolution of a resonant triad of initially
non-interacting linear instability waves in a boundary layer with a weak adverse
pressure gradient. The triad consists of a two-dimensional fundamental mode and a
pair of equal-amplitude oblique modes that form a subharmonic standing wave in the
spanwise direction. The growth rates are small and there is a well-defined common
critical layer for these waves. As in Goldstein & Lee (1992), the wave interaction takes
place entirely within this critical layer and is initially of the parametric-resonance type.
This enhances the spatial growth rate of the subharmonic but does not affect that
of the fundamental. However, in contrast to Goldstein & Lee (1992), the initial
subharmonic amplitude is assumed to be small enough so that the fundamental can
become nonlinear within its own critical layer before it is affected by the subharmonic.
The subharmonic evolution is then dominated by the parametric-resonance effects
and occurs on a much shorter streamwise scale than that of the fundamental. The
subharmonic amplitude continues to increase during this parametric-resonance stage
—even as the growth rate of the fundamental approaches zero — and the subharmonic
eventually becomes large enough to influence the fundamental which causes both
waves to evolve on the same shorter streamwise scale.

1. Introduction

Boundary-layer transition experiments often involve controlled forcing of the un-
steady flow by relatively two-dimensional single-frequency excitation devices such as
vibrating ribbons, heating strips, or acoustic speakers. The resulting initial distur-
bances are nearly two-dimensional and well described by spatially growing linear
instability modes. This behaviour can persist over long streamwise distances when
the excitation levels are sufficiently small, but three-dimensional effects eventually
come into play, as evidenced by the appearance of A-shaped structures in flow-
visualization experiments. These structures can either be aligned or staggered in
alternating rows.

The aligned arrangement is commonly referred to as ‘peak—valley’ splitting and
was originally observed by Klebanoff, Tidstrom & Sargent (1962). The staggered
arrangement, which usually appears at lower excitation levels, is now believed to
be the result of a resonant-triad interaction between a pair of oblique subharmonic
modes (which originate from the background disturbance environment) and the



344 D. W. Wundrow, L. S. Hultgren and M. E. Goldstein

two-dimensional fundamental mode. The significance of this type of interaction
was originally realized by Raetz (1959) and subsequently analysed for viscosity-
dominated Tollmien—Schlichting-type instabilities by Craik (1971), Mankbadi, Wu
& Lee (1993), and many others. Craik (1971) also proposed that the aligned (or
Klebanoff) arrangement could result from a resonant-triad interaction between a pair
of oblique modes at the forcing frequency and the small two-dimensional instability
mode that is invariably generated at the first harmonic of this frequency (see §5.2 of
Kachanov & Levchenko 1984 for a more complete discussion of this issue). All of
the relevant modes can then be generated by the excitation device and do not have
to emanate from the background disturbance environment. However, the observed
gradual transition from a two- to a three-dimensional flow structure can only occur
if the (common) amplitude of the oblique modes is able to exceed that of the (small)
two-dimensional first harmonic that is the cause of the enhanced growth in the Craik
(1971) model. This behaviour would obviously be favoured if the oblique modes were
unable to suppress the growth of the first harmonic until they themselves become
very large. This allows the oblique modes to continue their super-exponential growth
until they become larger than the more slowly growing two-dimensional fundamental
mode.

Since transition in technological devices usually occurs in regions of decelerating
flow, Goldstein & Lee (1992, hereinafter referred to as G&L) analysed the resonant-
triad interaction between two equal-amplitude oblique modes (which form a standing
wave in the spanwise direction) and a single two-dimensional mode in a boundary-
layer flow with a relatively weak adverse pressure gradient. The wavelengths in their
analysis are therefore large, oc (pressure gradient)~%, and the corresponding growth
rates are small, oc (pressure gradient)?>. The relevant waves have a well-defined
common critical layer, which turns out to be of the non-equilibrium (or growth-
dominated) type rather than the equilibrium (or viscosity-dominated) type associated
with Tollmien-Schlichting waves. The G&L analysis, which applies to both the
subharmonic and peak—valley transition processes, shows that the first interaction
between the initially linear spatially growing waves takes place within this common
critical layer and results in an enhanced oblique-mode growth rate due to a parametric-
resonance (or secondary) instability of the nearly periodic motion produced by the
basic boundary-layer flow and the plane wave. G&L also show that the oblique modes
do not affect the plane wave until the ratio of their common amplitude to that of the
latter becomes cc (pressure gradient)~2, which supports Craik’s (1971) contention that
the peak—valley transition processes is due to a resonant triad interaction. G&L go
on to show that the parametric-resonance stage is followed by a fully coupled stage
which always ends in a singularity at a finite downstream position in the inviscid
limit.

In contrast to the situation considered by G&L where the plane wave is completely
linear in the parametric-resonance stage, the present investigation is concerned with
the case where the common amplitude of oblique modes is small enough at the start
of the parametric-resonance stage so that the plane wave becomes nonlinear before
being affected by the oblique modes. The nonlinearity occurs within the plane-wave
critical layer and causes a reduction of the growth rate of this wave. This behaviour
is particularly relevant to the subharmonic transition process since it is most likely to
occur when the initial common amplitude of the oblique modes is small compared to
that of the plane wave.

This paper is organized as follows. The problem is formulated in §2, where it is
shown how the critical-layer interaction gradually evolves from a resonant triad of
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FIGURE 1. Asymptotic structure of the unsteady boundary-layer flow. I, main boundary layer; II,
inviscid Tollmien wall layer; III, critical layers (hatched, fundamental; shaded, subharmonic); IV,
(passive) Stokes layer. A, initial parametric-resonance stage; B, nonlinear-fundamental stage; C,
fully coupled stage.

initiaily non-interacting instability waves on a decelerating boundary-layer flow. The
triad consists of a two-dimensional fundamental mode and a pair of equal-amplitude
oblique subharmonic modes, all of which are small-growth-rate solutions to the
Rayleigh stability problem. The motion outside the critical layer remains a linear
perturbation of the steady two-dimensional adverse-pressure-gradient boundary-layer
flow. The wave-interaction effects are confined to a critical layer which evolves
through a number of different stages (see figure 1). The initial parametric-resonance
stage is analysed in §3. The two-dimensional fundamental mode continues to exhibit
linear growth in this stage and the initial wave interaction is weak in the sense that it
enters as an inhomogeneous term in an appropriate critical-layer problem rather than
as a coefficient in the leading-order advection/diffusion operator. The subharmonic
amplitude is explicitly determined by a single integro-differential equation which
is solved analytically in Appendix B. The downstream asymptotic expansion of
this solution determines the scaling for the next stage of evolution in which the
fundamental becomes nonlinear. This occurs when the amplitude of the fundamental
is oc (pressure gradient)?. The subharmonic, whose growth is now controlled by
parametric-resonance effects, evolves on a much shorter streamwise scale than the
fundamental. Its critical layer is, therefore, much thicker than that of the funda-
mental.

The relevant critical-layer problems are formulated in §4, where it is shown that the
fundamental is now governed by a viscous generalization of the strongly nonlinear
inviscid non-equilibrium critical-layer problem derived in Goldstein, Durbin & Leib
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(1987). The subharmonic-amplitude equation can again be solved analytically. Its
solution is given by the downstream asymptotic expansion of the solution for the
previous stage ~ but with the linearly growing fundamental amplitude replaced by the
corresponding strongly nonlinear critical-layer solution. This result shows that the
subharmonic continues to grow even when the self-interaction effects drive the fun-
damental growth rate towards zero. It follows that the assumed asymptotic structure
eventually must become invalid and, consequently, a new stage of development must
occur. In this stage, the subharmonic reacts back on the fundamental and both waves
evolve on the same shorter streamwise lengthscale. This means that the fundamental
and subharmonic critical layers are again of equal thickness. This fully coupled stage
is analysed in §5 where the relevant amplitude equations are shown to be the same as
in G&L — but with the linear growth terms omitted. Finally, the results are discussed
in §§6 and 7.

2. Formulation
2.1. Problem statement

The basic boundary-layer flow is taken to be two-dimensional and incompressible with
free-stream velocity U.,(s), where s measures the distance along the solid boundary
from the leading edge (or stagnation point). The coordinates, time, all velocity
components, and pressure are non-dimensionalized by Z, £/ U, (L), U.(L), and p,UZ(L),
respectively, where L is the downstream distance to a point in the region where the
instability waves first interact,

L 2
{= <2v / Ueds> JU(L) 2.1
0

is a lengthscale characteristic of the local boundary-layer thickness, and p, and v are
the density and kinematic viscosity of the fluid. The origin of the non-dimensional
coordinate system (x, y, z), which measures the distance in the streamwise, transverse
and spanwise directions, is attached to the wall at s = L. Changes in the base flow
then take place on the long viscous scale

x3 = x/Rey, 2.2)

where Re, = ¢U,(L)/v is a local Reynolds number based on ¢, and are described by
the laminar boundary-layer equations. The normalized base-flow pressure gradient
p=-UU.,, where the subscript x; denotes differentiation with respect to that
variable, is taken to be a small positive quantity. Curvature effects are assumed to be
smaller still and will be neglected herein.

The local Reynolds number is assumed to be large enough so that the unsteady flow
is nearly unaffected by the viscous boundary-layer growth over the entire streamwise
region in which the nonlinear interaction takes place. Consequently, the streamwise
base-flow velocity U(x;,y) can be treated as a function of the transverse coordinate
y only, the transverse base-flow velocity V(xs;,y) [= O(Re;')] does not enter into
the unsteady problem, and the base-flow pressure P(x;) = —21-(1 — U?) is essentially
constant. Since p is assumed to be small, U can be treated as a perturbation about

t See Maslowe (1986) for a review of nonlinear critical layers. Benney & Maslowe (1975) were
the first to discuss growth-rate effects but they only did so in the context of an equilibrium critical
layer.
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the Blasius profile Uy, i.e.

U=Uy—0cqUs+..., (2.3)
and the corresponding expression for the scaled wall-shear stress can be written as

Aw = Ao — 020A + ... (2.4)
where 4ig = 0.46960 is the Blasius value and o <1 is related to u through p = 02;1

with = O(1).

As in G&L, the upstream unsteady flow consists of an essentially inviscid resonant
triad of non-interacting spatially growing instability waves — a single two-dimensional
fundamental mode and two equal-amplitude subharmonic oblique modes that form
a standing wave in the spanwise direction. Expanding (2.3) about y = 0 shows that
the distance of the base-flow inflection point from the wall is O(c). This implies that
the most unstable instability waves must have O(s~!) wavelengths and O(s*) spatial
growth rates (Reid 1965). Then, each of the three modes will have a distinct critical
layer centred about the transverse position where the real part of its phase velocity
equals the streamwise base-flow velocity. But since the resonance condition requires
that the instability waves have nearly equal phase speeds, the critical levels coincide
with the required degree of approximation. Putting

R = c'*Re, = 0(1) (2.5)

ensures that viscous effects will enter the critical-layer dynamics at the same order as
the linear-growth effects, but will not affect the unsteady motion outside the critical
layers (to the required order of approximation).

2.2. The main boundary-layer region

Since the unsteady flow remains essentlally linear in the main part of the boundary
layer, the total flow in this region is effectively

u U 7
v 0 ; D
wl=10]+Re o (x;)eX lg’
p 0 Do
i cosZ\ 9
ixs2 | BrcosZ 01 iz
+Re | Z(xy)e ¥, sin Z + o|¢ +..., (2.6)
PicosZ 0

where u = (u, v, w) is the velocity, p is the pressure,
Xy = o'x 2.7

is the slow streamwise scale on which the linear growth occurs, &/(x;)<1 and
%(x,) <1 are slowly varying amplitude functions for the fundamental and the sub-
harmonic, respectively, and %(x;, y) <1 is a mean-flow correction that only enters in
the fully coupled stage. Also,

X = ga(x — act), (2.8)

Z =af(1 4+ 6%y)z, (29)
where &, f and ¢ are the scaled streamwise and spanwise wavenumbers and phase
speed correct up to but not including O(c?) terms, and y is a scaled (relative) spanwise
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wavenumber detuning of the subharmonic disturbance. S = &z is the scaled Strouhal
number, or (non-dimensional) angular frequency, of the fundamental disturbance.
{i,, Dn, Wy, and p, are functions of y that are determined by the usual inviscid
three-dimensional instability equations to the required level of approximation. Hence,

A 1 2 A 2 A
TN - n nl» 2.
= ey (U~ &)Dé, + iDUS, (210)
By = —ikn®r, @2.11)
A '—iﬁn A
. 212
wn an(U _ cn) pn’ ( )
A On n In
P = [DU¢,, —U - c,,)D¢,,] , 2.13)

for n = 0,1, where D denotes differentiation with respect to y. The <f>,, are governed
by the Rayleigh equations

(U —c)(D? — k)¢, — DU, =0 for n=0,1, (2.14)
subject to the boundary conditions ¢A>,,(O) =0 and ¢A>,, —0asy— +4oo; (1 +n)c, =
oS /o,

% =0[z—0c’i(lnw)], (2.15)

o =0 [kcos6 —c’i(nAB)], (2.16)

k2 = o2+ B2, Bo =0, B1 = aB(l+a3y), k> = 1a’+ B%, 6 = arctan(2B/%) and the prime
denotes differentiation with respect to x,. The resonance condition, ¢y = ¢; + O(d?),
for the upstream linear stage, implies that

k=a 2.17)

and, consequently, that = 1z.

The relevant asymptotic solution to (2.14) is most easily constructed by re-expanding
the long-wavelength solution of Miles (1962) (see Reid 1965) for small ¢, (Graebel
1966; Goldstein et al. 1987; G&L; and others). However, the result is not uniformly
valid as y — 0 and a separate solution to (2.14) must be constructed in a thin wall
layer, which also contains the critical layer.

2.3. The inviscid Tollmien wall layer
To this end, the scaled transverse coordinate
Y =y/o (2.18)

is substituted into (2.14), using (2.15) and (2.16), to show that the solution in this
region satisfying the inviscid boundary condition at Y =0 is

bn=0{AY +0 [aE(Y = Y) +a; Y]+ [F+bEY ~Y)+b; Y]}, (219

F=p[iY’+Y.(Y = Y)In|Y - Y|+ Y In Y] — L3V (Y +2Y), (2.20)

where 0 < r < 3, i. = i — $(AY,)? is a scaled base-flow vorticity gradient at the
critical level y, = a7, and the + superscript indicates different values for Y 2 Y,. The
discontinuity in the solution (2.19) results in a jump in the streamwise perturbation
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velocity component,

o i

Ad, = k— [07(af —a,) + 0’ (b — b)) = —%”A (%) , (2.21)
across the critical layer. The integration constants af and b¥ (which are at most
functions of the long streamwise scale over which the wave growth occurs) and
the exponent r are determined by matching this jump with the one induced by the
critical layer. The velocity jump at O(¢”") is introduced to balance a wave-interaction-
induced critical-layer velocity jump that occurs at a lower order than the O(¢?) jump
associated with linear-growth effects. The af can be set equal to zero in the initial
parametric-resonance stage since the lower-order jump only occurs in the later stages
of evolution.

2.4. Matching

Setting a¥ = 0 and matching the main-boundary-layer and inviscid-Tollmien-wall-
layer solutions to O(c*1n ) shows that

& =8+ 0 + 0% +o’lne @y, (2.22)
where
% = (40S)3, (2.23)
a = (11185, (2.24)
a=—1 (8/40) {3 (1= 3J1) + 21, + 5] S+ hy } (2.25)
a3, = (L —S§/24) §/243, (2.26)

and Ji, J», and J; are certain integrals that only depend on the Blasius profile and
are given in Goldstein (1983, p.71). They take on the numerical values 0.928 (9,
—2.093 22, and 1.287 77, respectively. Matching the solution to O(¢°) shows that the
scaled velocity jump for the fundamental is

b — by =AMy [ki +i(In )], (2.27)
where 4 = 2435/%°,
Mo=1+0(3—11) (5/40)* + 0(c?), (2.28)

and k; is a real constant that is fully determined by the matching but its explicit form
is not given here because it is not used in the subsequent analysis.

2.5. The Stokes layer

As usual, a completely passive Stokes layer is induced by the no-slip boundary
condition at the wall. The relevant solution in this region is

In 9 =z 1 % RS %
b, = g [Y+azelz(n;§) {exp [—e— (n+1> ;}—1}] (2.29)

which shows that the Stokes-layer thickness is O(c ) relative to the width of the
boundary layer.

Y

12 FLM 264
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2.6. The critical layer

As already indicated, the wave-interaction effects are confined to the critical layer
and, at least for the subharmonic, are weak in the sense that they enter through
inhomogeneous terms in an appropriate critical-layer problem rather than though a
coefficient in the leading-order advection/diffusion operator. This ultimately implies
that the subharmonic amplitude 4 can be determined from equations involving only
a single independent variable, which in the present case turn out to be of the integro-
differential type. As in studies of more conventional weakly nonlinear flows (Benney
& Gustavsson 1981; and others), these equations are most easily derived by first
rewriting the governing equations, ie. the equation of continuity and the (viscous)
momentum equation, in a somewhat different form. This amounts to taking the
divergence of the momentum equation to obtain an equation for the Laplacian of the
pressure, then combining the transverse derivative of this equation with the Laplacian
of the transverse component of the momentum equation to eliminate the pressure
terms and thereby obtain

0 . I 5\ o 2 o 0 0 0
(61‘ +uV Re;V ) Vv —Vuvo =2 axJ(v,w) 6yJ(u’W) + 6ZJ(u,v) , (2.30)
where V? is the Laplacian and J(-,-) = 8(-,-)/8(x, z) is a horizontal Jacobian derivative.
Since V?v is the transverse component of the curl of the (total) vorticity Vxu, (2.30)
describes the dynamics of the horizontal vorticity components. This approach is
related to the one used by Wu (1992) in that the transverse velocity component is the
‘primary’ dependent variable in the critical layer.

3. Initial parametric-resonance stage

The streamwise region of primary interest is the one in which the fundamental is
strongly nonlinear. Since the solution in this region does not involve a subharmonic
that can be matched onto a corresponding wave in the upstream linear region (in
which all the waves are decoupled), it is necessary to introduce an intermediate
parametric-resonance stage. The fundamental is completely linear in this stage and
both waves evolve on the long scale x,. Then, as shown in G&L, linear-growth and
parametric-resonance effects will enter the critical-layer dynamics at the same order
if

o =aBA,(x3)  A=0(1). (3.1)
The subharmonic scaling,

#=06B,(x;) B=0(1), (3.2)

is worked out in §5. For now, it is sufficient to note that é is small enough to avoid
back-reaction of the subharmonic on the fundamental.

As indicated above, the at can be set equal to zero in the Tollmien solutions (2.19)
and (2.20) in the present region. Matching with the main boundary-layer flow then
shows that the subharmonic velocity jump is given by

bt = b = 4 {My [ — 103)}] + 3iM, (0 B)'}, (3.3)

where
Mi=1+0%(2=0)) (8/i)} +0(c?). (34)
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Linear-growth effects can only influence the critical-layer dynamics when the thick-
ness of this layer is of the same order as the linear growth rate, ie. O(c*). The
appropriate transverse coordinate for this region is therefore

n=(~y)/o" =Y —Y)/o 3.5

The limits as ¥ — Y4 of the Tollmien solutions, (2.19) and (2.20), show that the
critical-layer flow expands like

u=ocle+a’da+ @Yoy +0° (Jhn* —cx;R7)]
+ oPRe [( Y463 ‘2)) Ae‘X] +60u% cos Z + . (3.6)

v=0"14Y R +0"Re [(—i&}toYc + 03381)) /Ieix]
+502 {Re [ (<KoY + 0*3)) Be?| + 05 foosZ +... . (37)

p=a"mx;R™" + 6" Re (Aot AeX) + oRe (340eBe*/?) cos Z + ..., (3.8)
where the ellipsis denote higher-order terms for the basic, fundamental, and subhar-
monic components of the flow and fif = i— L(4Y.)?. The expansion for the spanwise
velocity w is analogous to the subharmonic part of (3.6) and, therefore, is not written

1) . . -
out explicitly. ﬁf,), i:f) , and E(l) possess expansions in terms of ¢, containing terms up

to and including O(c3Inco). They are given by the relevant terms in the inner limit
of the Tollmien solutions. ug) is independent of s, whereas vf)) and v ‘() are linear
functions of 5. The non-parallel base-flow terms in (3.6) and (3.7) and the streamwise
pressure-gradient term in (3.8) do not affect the critical-layer dynamics.

Substitution of the expansions (3.6) and (3.7) into the spanwise vorticity equation

produces, for the fundamental,

65(2

.@( 0 Ae‘X) = ipSAe”, (3.9

on
‘where
20 9 1 o’
‘%, TG T Ram
is the leading-order advection/diffusion operator in the critical layer; and substitution
of the expansions (3.6)—(3.8) into the streamwise momentum equation and (2.30)
produces, for the subharmonic,

21 = 3105Re (iBeX/?), (3.11)
7 ‘32”?) 1+ =3 iX/2 iX ‘32 P
= s .a5Re (Be' +aSRe !
ok = §aSRe (BeH) + aSRe (4c) 311

Integration of Ae'X 6u / On and 6201 ) /on? across the critical layer and using (2.21)
produces the following expressions for the scaled velocity jumps b — by and bf —by :

+o0 g0
/ E’—d n = b} — by, (3.13)

£, = (3.10)

(3.12)

+a0 4 62 (2) ) _ _
/ “X/dedr] = —ik (bf — bl_) B. (3.14)

12-2
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Combining these expressions with those obtained from the flow outside the critical
layer, i.e. (2.27) and (3.3), then gives the matching conditions

+c0 a"(z
A/ de =AM, (A +i4), (3.15)

—00

+oo  pdm A2 (2)
‘3 e ¥2dXdn = a4 { M\ B' —iM [k — 3x(AS) | BL.  (3.16)
4 8

Equatlons (3.9) and (3.15) correspond to the linear-growth critical layer and there-
fore possess the simple solution

A = Ape™, (3.17)
where A, is a constant and x = k, + ix;, with ,
K, = na’fie /24 Mo (3.18)

being the linear growth rate.
Equations (3.11) and (3.12) are solved in Appendix A. Substitution of the result
into the velocity-jump condition (3.16) leads to

B = 4x [k — Jix(25)} ] B
+ dipi? / (x2 — 2RO J(5 B (22 — x)dE, (3.19)

where the asterisk denotes complex conjugation, x = My/M,,
y = 3n& /808! M,, (3.20)

and
R = §*’R/Aa’ (3.21)
is a rescaled critical-layer Reynolds number. Equation (3.19) implies that

B — Boexp {gx [K - gix(AOS)%] X2} as  x; — —o0, (3.22)

where By is a constant. This shows that B matches onto the appropriate linear-growth
critical-layer solution.

An analytic solution to (3.19) is derived in Appendix B. Its large-x, asymptotic
expansion is given by (B 20), which can be renormalized to obtain

Bt | B *
LBOL exp [ ®K, X7 + K,/ (yl;ll)i dé + liarg (i;l)] as  x; — +oo0.
(V|A0|) —®

(3.23)

Equations (3.17) and (3.23) show that the subharmonic growth rate becomes expo-
nentially large as x; — +oc0.

4. Nonlinear-fundamental stage

Since (3.17) and (3.23) imply that the fundamental and subharmonic continue
to grow with increasing x,, the solutions of the preceding section must eventually
become invalid. In the present analysis, this occurs when the nonlinear convection
of vorticity becomes of the same order as the linear-growth effects within the critical
layer for the fundamental, i.e. as shown by Goldstein et al. (1987), when & = O(c”")
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or equivalently when x, = O(Ino~%). Equations (3.17) and (3.23) suggest that the
fundamental and subharmonic amplitude functions should then be of the form

o = AlxP)e X, A=0(1), (4.1)
B =00 $Bexp [a"%d?(x;“) — %iXO] , B=0(), &=0(), 4.2)
where
B =BO9x}) +¢iBY(xH) +..., (4.3)
xF =x;+ 6k ' Ino, x; =0(), (4.4)

Xo = 6k 'Ino is minus the fundamental phase shift over the initial-parametric-
resonance region, and @ turns out to be purely real. &/ can be of the usual
multiple-scales form, but # must be allowed to take on a more general WKBJ form
in order to deal with the shorter (but still much longer than a wavelength) spatial scale
induced by its asymptotically larger growth rate vis-d-vis that of the fundamental. The
subharmonic amplitude & is required to be o(¢ %) throughout the present streamwise
region in order to preclude back-reaction of the subharmonic on the fundamental.
The inviscid Tollmien solution for the fundamental is still given by (2.19)—(2.22)
with af = 0, since its critical-layer velocity jump (which is now induced by the
self-interaction effects) is O(c?). However, the appropriate inviscid Tollmien solution

for the subharmonic is given by (2.19)-(2.22) with r = % and af # 0, since the

velocity jump induced by the parametric-resonance effects is now O(c?). Matching
with the main boundary-layer region shows that the subharmonic velocity jumps are
now given by
aj —ay = 2i4M, 9, 4.5)
bf —by =2 (,10/5')% [ki + 2i(In B)'] — 2Aox + 3iay (,105')_% P — %S“l(b’z‘ 4.6)
Since the thickness of the fundamental critical layer remains O(c*), even though
the vorticity balance differs from the preceding stage, its relevant scaled transverse
coordinate is still given by (3.5). The subharmonic critical-layer thickness, which is
determined by the balance of growth and base-flow convection effects, is now O(c?),
since the subharmonic growth rate #-'d#/dx = 63® + ... . The appropriate scaled
transverse coordinate for this ‘outer’ critical layer is therefore

fi=0-y)ot=(Y —Y.,)/ol, 4.7

which reflects the fact that the fundamental and the subharmonic critical levels
coincide. The fundamental remains linear in this outer critical layer and is therefore
given by the inner limit of the corresponding inviscid Tollmien solution for ## = O(1).

4.1. The critical layer for the fundamental

The inner-critical-layer expansions are essentially a reordering of the linear-critical-
layer expansions of the preceding section. They are now

u=go [Z’ +6* A + @ Yo+ o° (%ﬁcnz — Esz_l)]

+o’ [Re (ﬁf)l)AeiXJr) + a3u82)] +...+st, (4.8)

v=0"1Y*R" +5°Re [(—i&ig Y, + 0'31%81)) AeiX+] +...+s.t, 4.9
p=oc""mx;R™" 4+ o®Re (Jpede™") +... + s.t., (4.10)
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where XT = X — X, '(1 and 1')5,) are the same as in the preceding section, and s.t.
indicates terms assoc1ated with the subharmonic disturbance which do not influence
the dynamics of the fundamental in this streamwise region. As before, the base-flow-
divergence and pressure-gradient terms are purely passive in these expansions.
Substitution of the expansions (4.8) and (4.9) into the spanwise vorticity equation

yields
L% = i.SRe (i4eiX7), (4.11)

where

oy 018

Re (1SAe ) 1 Ron? (4.12)
is the leading-order advection/diffusion operator in the inner critical layer. The
difference from the linear problem (3.9) is due to the advection of unsteady spanwise
vorticity by the transverse velocity component that now enters the vorticity balance.

Integrating 6u0 2 /6y across the critical layer and using (2.21) produces an expression
for the velocity jump bf —bg in terms of the critical-layer solution, which is analogous
to that given by (3.13). Combmmg this result with (2.27) yields the matching condition

5, 5,
Ez—ca ++oc,t0naX

+oo  p2n au(z) .
/ / e X" dXTdy = AM, (kA +i4'). (4.13)

Equations (4.11)—(4.13) are the viscous counterparts of the inviscid nonlinear ‘un-
steady’ critical-layer equations derived in Goldstein et al. (1987). These equations are
to be solved subject to the initial condition

+

A Ae™  as xf — —o, (4.14)

which ensures that the solution matches onto the upstream linear instability wave.

4.2. The critical layer for the subharmonic

The inner limits of the Tollmien-region solutions (2.19) and (2.20) show that the flow
in the outer critical layer expands like

u=o <Zz + odAd + o E YA + a(’%ﬁcﬁz) +0'Re <ﬁf)1)AeiX+>

+d071 < () +azu(”> cosZ +..., (415

v=0"1Y’R™' +¢°Re [—i&lo <Yc + 0%1"1) AeiX+]
+60? { R { [( kAo Y. + cﬂv“)> BE+] + 0% + (f%v?)} cosZ +..., (4.16)
w= SG—%W(O) st +.. 4.17)

p =" xR + o*Re (toaAeiX*) + JoRe [(toc P ) BE+] cosZ + ..
(4 18)

where § = §/0% and E, = exp(c~#® + iX*/2) have been introduced for clarity. ﬁgl),
*(1) and p(” possess expansions in terms of ¢ that are given by the corresponding
terms in the inner limit of the Tollmien-region solutions. They are all constants, except
‘“) which is a linear function of 7. The base-flow-divergence and pressure-gradient
terms in (4.16) and (4.18) have no effect on the critical-layer dynamics.
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Substitution of the expansions (4.3) and (4.15)—(4.18) into the continuity and
streamwise momentum equations as well as (2.30) yields at ‘leading-order’

wi = —% 2;'52 (4.19)
2 = 32,8Re (iBYE,), (4.20)
31%;? = a5Re (AeX*") a;;(‘zo), (4.21)
where
L =cd + Moﬁa_Xa"I (4.22)

is the ‘leading-order’ approximation to the advection/diffusion operator in the outer
critical layer. At ‘next-order’,

#u’ = Re [ (31038 — 4B E.| — 2", (423)
2O ) o [(Ou )
gl_a.ﬁ_lz_.—_%# aSRe (BYE,) + aRe (4¢*") | § aﬁlz + Bhof FrE
2 " 6 (0)

— g a@n — 2aPioRe (14eX") (;v—r;, (4.24)

where
0
3(1) _ ca_ + Ao/ 4.25)

is the ‘next-order’ correction to the advection/diffusion operator and
4" = 200(" + LiaplV + 122@ = —1lid, (6aay ¥, — ic® + 8aief) . (4.26)

Using (2.21), after integrating 62052)/6712 and 625(13)/6172 across the outer critical
layer, produces the matching conditions

+0  p4n 620
/ 61712 ET'dX*dfj = —ia (af —a7) BY, (4.27)

40 4n 620 3)
/0 81712 E;'dX*dfj = —ia (af —a7) BY
— [iz (b —b7) + 3 (af —a7) @] BY.  (4.28)

The ‘leading-order’ problem — as defined by (4.20), (4.21), and (4.27) - actually
involves two levels of approximation since substitution of the expansion (2.22) (and
the corresponding expansion for ¢) into those equations produces an intermediate
problem of lower order than the ‘next-order’ problem defined by (4.19), (4.23), and
(4.24). However, it is easier to retain the higher-order terms and simply discard them
at the end of the analysis by expanding the solution a posteriori.



356 D. W. Wundrow, L. S. Hultgren and M. E. Goldstein

4.3. Solution of the ‘leading-order’ problem for the subharmonic
Equations (4.20) and (4.21) imply that

u® = Re (A“’ E+) , (4.29)

P = Re [ (0] + 83e*") E4 ], (4.30)
~0) a2

where @;”, b7, and v(z) depend on x; and 7, and only the 7, ) term contributes to the
velocity jump cond1t1on (4.27). Substituting (4.29) and (4. 30) into (4.20) and (4.218,
solving the resulting set of (relatively trivial) algebraic equations in sequence for 1‘43
and vﬁ, using the latter result to evaluate the integral in (4.27), and combining that
result with (4.5) yields

@*BO = iyx* 4BV 4.31)
Since @ is real, this implies that
x; .
b= K,/ (y|A|) +d¢, 4.32)
—o0
arg BY = larg(i4), (4.33)

which show that ¢ matches the dominant exponential term in (3.23).

4.4. Solution of the ‘next-order’ problem for the subharmonic
Equations (4.19)—(4.24) imply that

w? = Re (w§°>E+) , (4.34)
~ Re (A“’ ) , (4.35)
® _ Re [(ull +006%7) By, (4.36)

where W%, all), fﬂ ,and v(3) depend on x, and #, and, again, only the ? U1 ) term of (4.36)

contrlbutes to the ve1001ty jump (4.28). Substitution of (4.34)—(4. 36) into (4.19)—(4. 24)

again leads to a set of algebraic equations which can be solved in sequence for w§ ,
A1) (3)

%, and 7. The latter result can then be used to evaluate the integral in (4.28). This
result, when combined with (4.5) and (4.6), yields
BY =i44'BV" +K, 4.37)
where
K=—o-! {43 _¢ [K — 2i(48)* ] BY _ i (arg A)’B(O)}

— Gty [ (ar — ") + Riw]| BO.  @39)
Taking the complex conjugate of (4.37) and substituting the resulting expression for
BO" back into (4.37) leads to the following solvability condition:
K +id|A"'K* =0, (4.39)
which implies that
BY' = [Lk, + Li(arg 4)] BO. (4.40)
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Integration of the latter equation, using (4.33), gives
B = B{" exp [1x,x] + liarg(id)]. (4.41)

Equations (4.32) and (4.41) show that (4.2) will match onto (3.23) provided the inte-
gration constant in (4.41) is given by B\’ = B! |By|/(y|4o|)3. In fact, the subharmonic
amplitude in the present stage is given, to the required order of accuracy, by the down-
stream asymptotic expansion (3.23) of the corresponding previous-stage solution, but
with the linearly growing fundamental amplitude A replaced by the appropriately
scaled strongly nonlinear-critical-layer solution A, x, expressed in terms of xJ, and x
replaced by unity.

4.5. The composite solution

A uniformly valid composite solution, say %', can be obtained for the entire
parametric resonance stage by multiplying the subharmonic amplitude functions (3.2)
and (4.2) and dividing by their common part which, apart from the appropriate
gauge function, is given by (3.23). After some manipulation, this composite solution
becomes

B =

5|Bo| = * — 1
( ‘—O;QBT(X)eXP [0‘%¢(x§)+%iargA(Xf)—4eEx‘%IXO , (442)
714ol)*

where BT and x are given by (B 3) and (B 1), respectively.

5. Fully coupled stage

The continued growth of the subharmonic throughout the nonlinear-fundamental
stage, cf. (4.2), (4.32) and (4.41), implies that the subharmonic will become large
enough to affect the fundamental. This occurs when % = O(c), ie. in view of (4.2),
when &(x}) = 0(4), where

A =c1ln(a%/8), : (5.1)
and leads to a new, fully coupled stage of evolution in which the subharmonic
is influenced by both parametric-resonance and self-interaction effects. Since the
subharmonic growth rate is asymptotically large on the x3 scale, this stage first
emerges while xJ is still O(1). The present analysis assumes that xj is at least O(1) in
the fully coupled stage, which requires that 4 be O(1). Equation (5.1) then determines
the corresponding upper limit on the initial subharmonic amplitude scaling 9.

Since the back-reaction of the subharmonic on the fundamental causes the latter
to evolve on the same streamwise scale as the former, the appropriate streamwise
lengthscale for this region is

x;=0 3 xf — &) =aix+073(6x " Ino — &), (5.2)

where ¢, is determined by @(¢,) = A. The fundamental and subharmonic critical-layer
thicknesses will then both be O(c}) and (4.7) is, therefore, the relevant transverse
coordinate. The appropriate amplitude scaling for this stage is

o =0 Ax)e ™,  A=0(1), (5.3)
B =% B(x)e™2, B =0(), (5.4)

with the spanwise-variable mean-flow change, Re [e2 %(x, y)], now being of the same
order as the subharmonic instability wave that produced it. To account for the shorter
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streamwise lengthscale of the amplitude variation, the streamwise wavenumbers (2.15)
and (2.16) are now written as

=0 [& —olj (lngl)/] , (5.5)

o =0 [l_ccosG — ot (lnfB)'] , (5.6)

where the prime denotes differentiation with respect to x;.
The appropriate inviscid Tollmien solutions are given by (2.19) and (2.20) with

r = 2 and af # 0 since the wave-interaction effects now produce both fundamental

and subharmonic critical-layer velocity jumps at O(c3). Matching with the flow in
the main-boundary-layer region then shows that the leading-order velocity jumps for
the fundamental and subharmonic are given by

ai —ag =2i(4/5)% (In2)’, (5.7)
ab —at =31 (4/8) (nB)'. (5.8)

The inner limits of the Tollmien-region solutions show that the critical-layer flow
expands like ‘

u=a [E + 01 0,7 + °u) + 67u® 4+ 654 + ¥y 4 . ] , (5.9
v=c% [Re (—i&do Y. BeX*/2) cos Z + o3 + o™ + ] , (5.10)
w=¢g" [w(l) +oiw® 4 oW +] , (5.11)
p=c? [Re (140eBeX"'/2) cos Z + oip?@ + o”pt + ] , (5.12)

where the 4, v w®, and p¥ are functions of X, x;, j and Z.

Integrating the fundamental component of du® /87 and the subharmonic compo-
nent of du® /37 across the critical layer, and using the leading-order term in (2.21),
produces expressions for the velocity jumps af —ag and af —af that can be combined
with the corresponding expressions obtained from the flow outside the critical layer,
i.e. (5.7) and (5.8), to obtain the following matching conditions:

1 [ (e L 1~
bt / / —~C_1X dﬁdX+ =2i (Ao/S) 2 A/, (513)
T Jo -0 611

e (40/8)} B cos Z (5.14)
- 0 3 aﬁ e f = 0 . .

Substituting (5.9)—(5.12) into the continuity and momentum equations produces a
coupled set of equations that determine the u®, v/, w®, and p¥. Not surprisingly,
these equations are the same as the corresponding equations in G&L, i.e. their (5.14)—
(5.21), but with their 7, ¥, Ao, 4, U}, and A replaced by #, k, A, %E, Ao, and ¢°/R,
respectively. The streamwise scale is shorter and the critical-layer thickness is larger
than in the G&L analysis, but this only changes the transverse boundary conditions,
which are obtained by matching the critical-layer solutions with the inviscid-Tollmien-
layer solutions. The altered boundary conditions produce a reordering of the terms
associated with the basic flow vis-d-vis those of the G&L analysis. The net result
is a shift of the linear-growth terms to higher-order problems, which means that
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the relevant amplitude evolution equations can be obtained by simply dropping the
linear-growth terms from the corresponding equations given in G&L, i.e. their (5.50)
and (5.51). (The G&L amplitude equations have also been derived in a different
context by Wu 1992.) In the present notation, these equations become

&
A = =i / / 260 — £V A)BEIB" (261 + &~ 2x)

+KBENAE)B" (¢ +26 — 2x1)| dEadéy

xi pl1 &2
+iM? /_w/_ /_wKaﬁ(fx)B(fz)B(fa)B*(fx + & + &3 — 2x1)dE3dEdE,
(5.15)

r B = 4i/ 1(X1 — EPAE)B (28 — x)d¢,
K4y —w

X1 &
+iM / / K\ BE)BE)B (& + & — x1)dEades,  (5.16)

where
Ki(x11£1,82) = Tla(xl — &) [2(x1 - 51)2 — (x1 = E)xr — &2) +3(x1 — 52)2] , (5.17)
Ko(x11€1, &2) = (x1 — &1)(x1 — &2)(2x1 — &1 — &2), (5.18)

Ks(x11&1, &2, &) = 3(x1 — ED){(x1 + &1 + & — 3&3)(x1 — &)(x1 — 281 + &)
— 0+ & —28) [(x1 + & —26) = 3(x — &)}, (5.19)

and M = 342 (1o5) ! Substituting (5.2) into (4.1) and (4.2) and expanding the resulting
expressions in the limit of ¢ — @ shows that matching with the nonlinear-fundamental
region requires that the solutions to (5.15) and (5.16) satisfy the upstream conditions

A — A(E), (5.20)

B — BO(g,)e? ), (5.21)

as x; — —oo, rather than those given in G&L. These conditions reflect the fact that
both the fundamental amplitude and the subharmonic growth rate remain constant
on the x; lengthscale in the upstream region, i.e. the nonlinear-fundamental region.

6. Rescaled equations

The strongly nonlinear critical-layer equations (4.11)—(4.13) can be used to deter-
mine the fundamental amplitude throughout the entire parametric-resonance stage
because they reduce to the appropriate linear equations, (3.9), (3.10) and (3.15), as

xj — —oo. These equations and the composite solution (4.42) for the subharmonic
can be rescaled to minimize the number of parameters by introducing the variables

xt =w,xd + In(Y|A4o|), (6.1)

X =X +arg Ay + xix], (6.2)

= (A3 + K)/xr, (6.3)

A" =YAexp [—i(arg Ao + xix3)], (6.4)
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FiGURE 2. Wavenumber vs. frequency for a Falkner-Skan boundary-layer flow at various values
of u. Solid lines, exact solutions; dashed lines, asymptotic solutions.
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i3 ouy
= i A (6.5)
Bl 30 (x)
T _ © . 1
B = G =0y P [ (e 5T+ )] (66)

where Y = 4@’ /Sx? and /T turns out to be purely real. Equations (4.11) and (4.13)
along with the upstream-matching condition (4.14) then become

(iﬂ?i +Msin)‘(—‘?~—i—az— Q——gf'sin)? (6.7)
oxt 0X oY RoY? B ’ '
1 +0 2n o d&ff
E[_w ; QSlnXdXdY = —ﬂ'a)_cT, (68)
and
o5 as ¥t o —ow. (6.9)

The uniformly valid composite solution for the subharmonic amplitude (4.42) becomes
x+ .
A" = o3BT (%) exp <g*% / TidE — 4&*) , (6.10)
0

where ¢ = ¢°Y/y and it follows from (4.4), (6.1) and (B 1) that
x=x"—Inp. (6.11)

The solutions to (6.7) and (6.8) must match with the ‘outer’ flow in the inviscid
Tollmien region, which requires that Q be periodic in X and satisfy the homogeneous
boundary condition Q — 0 as ¥ — =+oo. This strongly nonlinear critical-layer problem
is solved using the numerical procedure given in Goldstein & Hultgren (1988) and
the reader is referred to that paper for details of the method. The analytic solution
(B9) with 3 replaced by unity is used to determine the function B in the composite
solution (6.10).

7. Results and discussion

Figure 2 is a comparison of the (complex) wavenumber o predicted by the long-
wavelength /weak-adverse-pressure-gradient asymptotic solution to that determined
from a corresponding numerical solution to the Rayleigh stability problem. The
curves correspond to a Falkner—Skan boundary layer in which case the first correction
to the wall-shear stress 4; is 1.2989 and the base-flow vorticity gradient at the critical
level i is i — (§ + o*1)c®. The dashed curves correspond to the asymptotic solution.
The first three terms in (2.22) were used to compute the real part of the wavenumber
in figure 2(a). This gives a good approximation to the exact solution at x = 0.1, which
is somewhat greater than half the value of p at separation. It is necessary to include
O(0?) terms in k, in order to obtain similar agreement for the imaginary part of the
wavenumber, o; = —a*k,. This can easily be done, for the Falkner-Skan profile, by
extending the outer linear solution to higher order. The resulting expression for «, is
just (3.18) but with A replaced by iy — ¢%4; and

o> (3+ 407 =3J1—24,) 8 /4
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added to My. The resulting approximation for x, produces the best results when left
as a rational function of ¢. Figure 2(b) shows that this approximation is reasonably
good even when p = 0.1.

The rescaled fundamental amplitude /" depends only on the rescaled critical-layer
Reynolds number R, which characterizes the ratio of inertia to viscous-diffusion
effects in the critical layer. Figure 3(b) shows that the growth rate of the fundamental
drops off sharply and decreases towards zero once nonlinearity comes into play. As
in the shear-layer analyses of Goldstein & Hultgren (1988) and Hultgren (1992), the
presence of viscosity, no matter how small, counteracts the inviscid roll-up of vorticity
(cf. Goldstein & Leib 1988) and eventually leads to a slow algebraic growth of o/t
with increasing x*/R.

The rescaled subharmonic amplitude #* not only depends on R but also on k; which
characterizes the effective wavenumber detuning (see (B 7)), p which characterizes the
effective initial phase difference between the subharmonic and the fundamental (see
(B8)), and the small parameter g, oc (pressure gradient)’, which characterizes the
ratio of the fundamental amplitude in the initial parametric-resonance stage to that
in the nonlinear-fundamental stage and, therefore, determines the distance on the x*
scale between these two stages, cf. (6.11). The rescaled subharmonic amplitude Z'
and growth rate Re(#" /4" are plotted in figures 3-5 for various values of R, ; and
p, with ¢ = 0.05 which approximates the value of ¢ for the most rapidly growing
fundamental in a Falkner-Skan boundary-layer flow with ¢ = 0.08. These figures
show that the parametric resonance is initiated at a relatively short distance (on the x*
scale) upstream of the location where the fundamental becomes nonlinear. The initial
subharmonic amplitude scaling ¢ is left unspecified throughout the entire parametric-
resonance stage (apart from the restriction given in §5) because the subharmonic is
determined by linear equations there. The vertical distance between the fundamental
and subharmonic curves in figures 3(a), 4 and 5 is, therefore, arbitrary.

Since the instability waves are initially non-interacting, the subharmonic grows in
accordance with linear theory until the fundamental amplitude becomes large enough
for the parametric resonance to come into play. This happens while the fundamental
instability wave is still linear and occurs when the fundamental component of the
transverse velocity fluctuation is of the order of the linear growth rate raised to the
% power. In the Craik (1971) analysis, which applies to Tollmien—Schlichting waves
at finite Reynolds numbers, the initial wave interaction occurs when the fundamental
amplitude is of the order of the linear growth rate. Mankbadi et al. (1993), who
consider an appropriate large-Reynolds-number limit of the Craik (1971) problem,
find that the initial interaction occurs when the fundamental component of the
transverse velocity fluctuation is of the order of the linear growth rate raised to the 14—1
power. These differences arise because the wave interaction takes place within a non-
equilibrium (or growth-dominated) critical layer in the present analysis rather than
throughout the external flow as in the Craik (1971) analysis or within an equilibrium
(or viscosity-dominated) critical layer as in the Mankbadi et al. (1993) analysis.

Depending on the values of k; and p (figures 4 and 5), the parametric-resonance
effects may either enhance or reduce the initial subharmonic growth rate, but always
lead to an increase in the subharmonic growth rate, proportional to the quarter
power of the local fundamental amplitude, sufficiently far downstream, cf. (3.23). The
Craik (1971) and Mankbadi et al. (1993) solutions also exhibit faster than exponential
growth in the parametric-resonance stage, but with the growth rate increasing in direct
proportion to the fundamental amplitude. Section B.2 of Appendix B shows how the
exponential growth of the fundamental can convert an equilibriom critical layer of
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FIGURE 3. Scaled fundamental and subharmonic amplitudes vs. shifted long streamwise scale for

R =0,y = 1z, ¢ = 0.05 and various values of R.

the type that appears in the Mankbadi et al. (1993) analysis into a non-equilibrium
critical layer of the type considered herein (see Goldstein 1994 for a detailed discussion

of this issue).

The subharmonic continues to grow as an exponential of an exponential until
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nonlinear self-interaction effects alter the growth rate of the fundamental. This occurs
when the fundamental component of the transverse velocity fluctuation is of the order
of the linear growth rate squared. The subharmonic evolution is then controlled by
parametric-resonance effects and occurs over a streamwise lengthscale that is short
compared to the scale on which the fundamental evolves but still long compared to
a wavelength. The continual increase in the subharmonic growth rate is then reduced
and eventually becomes algebraic once the fundamental critical layer ages into a
quasi-equilibrium stage (figure 3b). This assumes, of course, that the fully coupled
stage does not come into play before the fundamental reaches its quasi-equilibrium
stage.

Figure 3 shows the rescaled subharmonic amplitude and growth rate for several
values of the parameter R. This parameter affects the subharmonic solution through
the usual viscous-diffusion terms in the initial parametric-resonance stage but only
indirectly through the fundamental amplitude in the nonlinear-fundamental stage,
since the subharmonic critical layer is strictly inviscid there. Decreasing R, there-
fore, affects the composite solution (6.10) in two ways. First, the initiation of the
parametric resonance is delayed because a larger fundamental amplitude is required
for the parametric-resonance effects to balance the increasing viscous-diffusion effects
(figure 3a); and second, the final subharmonic growth rate is enhanced because of the
increasing saturation level of the fundamental amplitude (figure 3b). Note that the
subharmonic growth rate appears to oscillate about a constant value for the largest
value of R shown in figure 3, which gives the impression that the subharmonic is again
growing exponentially. However, the fundamental amplitude has not yet reached its
quasi-equilibrium stage in this particular case. Once this occurs, the subharmonic
growth rate again will exhibit the slow algebraic increase evident in the other curves.

Figures 4 and 5 show the rescaled subharmonic amplitude for various values of
the parameters k; and y. These parameters only affect the solution in the initial
parametric-resonance stage, ie. they only influence Bf(xX). G&L show that k; and
y alter the development of the subharmonic by changing the direction of energy
exchange between the subharmonic and fundamental. This effect is responsible for
the oscillations in figures 4 and 5. G&L also find that the energy transfer to the
subharmonic is maximized when %; = 0 and p = %n. This result, also evident in
figures 4 and 5, implies that detuning delays the ultimate subharmonic amplification
produced by the parametric resonance (see §B.3 of Appendix B) and thereby gives
the fundamental more ‘time’ to reach its nonlinear saturation amplitude.

The fully coupled stage occurs when the subharmonic amplitude becomes O(a 7),
which is larger than the O(c'?) scaling of the G&L analysis. The difference is due to
the thicker critical layer in which the present interaction takes place. The instability-
wave amplitudes can be made parameter independent in the fully coupled stage by
introducing the rescaled variables

%1 = @/(E)x —In [ @(E)AE)H/MABOE) (7.1)
A =104/ A(¢,), (7.2)
B = A(&)B/ME@/(E)), (7.3)

where A' is defined so that the amplitude evolution equations (5.15) and (5.16) reduce
exactly to (5.51) and (5.50) of G&L less the linear-growth terms. The initial conditions
(5.20) and (5.21) are then

A" - 10, (7.4)
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Bt - élie™, (7.5)
as X; — —oo. The computed solutions for A" and B are shown in figure 6. They
were determined by using the numerical procedure given in G&L. As in G&L, the
self-interaction of the subharmonic produces a further enhancement of its growth and
ultimately leads to a singularity at a finite downstream position, which now occurs
much more abruptly due to the shorter streamwise scale, cf. (5.2). This explosive
growth is then transferred to the fundamental through the mutual-interaction and
back-reaction effects.

G&L derive local asymptotic solutions valid in the neighborhood of the singularity.
Those results, given by their (6.1)-(6.8), also apply to the present singularity and
suggest that the analysis will break down at an O(¢?) x;-scale distance upstream
of the singularity. The critical layer then expands to fill the inviscid Tollmien wall
layer which therefore becomes fully nonlinear while the instability wave amplitudes
are still small. The next stage of evolution will be governed by the three-dimensional,
unsteady ‘triple deck’ equations, but with the viscous terms deleted.

The authors wish to thank Dr Sang Soo Lee for many stimulating discussions and
advice on adapting the G&L numerical code to the fully coupled problem of the
present study.

Appendix A. Solution of (3.11) and (3.12)
Equations (3.9)—(3.12) imply that

i = Re (aﬁ‘”eiX/Z) , (A1)



Interaction of oblique instability waves with a nonlinear plane wave 367
5(2) Re( @ 1X/2 4+ 5(2) 13X/2> (A2)

and it follows that only the v1 j ) term in (A 2) contributes to the velocity jump condition
(3.16). Substituting (A 1) and (A 2) into (3.11) and (3.13) and taking the transverse
Fourier transform, defined by

1 +o0
T2

leads to two equations for the subharmonic that can be written in the following
forms:

N

dne=en, (A3)

Z3U(x3,¢) = 314085 B(xy)e "OH (=), (Ad)

22000,8) = 188 [ Blr2)e TOH (=) — A)E U (0, —0 7|, (AS)

where

-~ _ 0 _, 0
$2=Ca—xz—-%aiog, (A6)
f(8) =28 /35AoR, (A7)

Uexp( f) and Qexp(f) are the Fourier transforms of u1 " and 8201 1/0n?, respectively,
H is the Heaviside step function, and the asterisk denotes cornplex conjugation.
Integration of (A 4) along the characteristic

S_ = adgxy/4C — &/2 (A8)
of (A 6) shows that
U(xy, &) = %iEB (x2 + 2¢ /ako) H(=E). (A9)

Substitution of this result into (A 5) and integration of the result along the s_
characteristic yields

00a0) = 5 [ﬁcB <x2 + —f) H(=¢)

+§i5/+wsze_2ﬂ”H(s)A X +—(f—s) B* [ x +£(f—2s) ds (A 10)
2 [, 2T Ao 2wy ’

The result (3.19) can now be obtained from the identity

+o0 525 2(2)
/ sty = 20,0 (Al1)

@0

by performing a few relatively simple manipulations.

Appendix B. Analytic solution for B
B.1. The general case

A convergent-series solution for B is obtained in this appendix. The manipulations
are most easily carried out in terms of the rescaled variables

X = K,X2 + In(y| o), (B1)
A" =yAexp [—i (arg Ao + xix2)] , (B2)
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BT = |Bo| (7] 4ol)¥*B exp [—1i (arg Ao + Kix2)] - (B3)
After changing the variable of integration in (3.19) from & to 2(x, — &), the amplitude-

evolution equations, (3.17) and (3.19), and the associated initial condition, (3.22),
become

It =¢, (B4)
_ _ oo _— %
Bt =xB' + %i/o se* /48R gt (% — 19)B" (x — s)ds, (B5)
and
Bt » e as x> — (B6)

where & = %x + ik;. The rescaled subharmonic amplitude B' therefore depends on

three real parameters: R which characterizes the ratio of inertia to viscous-diffusion
effects;

K= {%x [Ki—(iog)%x} +%(x—1)x,<} K (B7)
which characterizes the effective wavenumber detuning; and
w = arg By —  arg 4y — ; In(y|4y|), (BS)

which characterizes the effective initial phase angle between the subharmonic and the
fundamental.
Following G&L, the ansatz

0

0
BT = efxtHiv Z gne?m)? + et *—iv Z h:e(2n+l)5c (B9)

n=0

is substituted into (B35) and like powers of e* are equated to obtain the recursion
relations

€41
hy, B10
= )2+ 1+ q) (B10)
€,
hn - ns B 1]'
Xn+p2n+qrt (B11)

where go = 1 and hy = eo/2pq’, p = +iki, ¢ = 3 + &,
= l(n+q) / s*exp [—s’/48R — (n + q)s| ds
0

_ {snR(n +g)’Hi" (~(16R)%(n + q)) for 1:‘ # © : (B12)
1 for R=

and Hi denotes the Airy function integral defined on p. 448 of Abramowitz & Stegun
(1964). Equations (B 10) and (B 11) are easily summed to obtain

- B13)
En = 22"n'(l7)n(qgn ,,,I_I 1 (
1 2n+1
h, = €m—1, (B 14)
22"+1n!(P)n+1(Q)%n+1 ,,1;[1 1

where (z), = I'(z + n)/I'(z) denotes the generalized factorial function and I'(z)
denotes the gamma function.
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Application of the ratio test shows that the two sums in (B9) are absolutely
convergent for all X. They are mainly determined by their first few terms when
X < — 1 but more terms rapidly become important as x increases. The moduli of the
individual terms tend to increase with »n until, as required by absolute convergence, a
maximum is reached and the moduli of the succeeding terms decrease as n increases.
It follows from the properties of the gamma and Airy functions that both sums have
a sharp peak nearn = N = [%e%*] in the limit as X — co. The dominant contribution
to each sum then comes from terms in the immediate neighbourhood of this peak and
can be determined by Laplace’s method for sums (Bender & Orszag 1978, p. 304).

In this method, the summation is centred on the index of the peak term by
introducing j = n — N, where |j| remains small compared to N 3 but may take on
values greater than N2, and g, and h, are replaced by their large-n approximations
which are obtained from (B 13) and (B 14) by using

Hem_1 = [1+O(n_2)]nem_1 as n— w (B195)
m=1 m=1

together with Stirling’s formula (Abramowitz & Stegun 1964, p. 257). Thus, the first
sum in (B 9) becomes

0 1 +eN
Zg,,e””_‘ ~ (%) i G exp <3—_—2—g:9g5c + 4e%2> Z exp (—8j2e_%3> (B16)

n=0 j=—teN

as X — oo, where ¢ > 0 characterizes the region of summation and

Goo =2 T ()T (@) [ ] em- (B17)

m=1

is a complex constant that, in view of (B 12) and the definitions of p and ¢, depends
only on R and &;. The sum on the right-hand side of (B 16) is determined to leading
order by extending the region of summation to oo and converting the result into a
Riemann sum for the error function, i.e.

il‘j exp (—8jze'%’—‘> ~ —l—eé +we Cdt = (%)é i~ (B18)

j=—¢N \/g -

as X — oo. Substituting (B 18) into (B 16) then yields

- 2—p—13q Lo
Z g.e”™ ~ G, exp (-%—x + 4ez*) (B19)

n=0

=i
!

as X — co0. An analogous procedure shows that the complex conjugate of the right-
hand side of (B 19) describes the leading-order asymptotic behaviour of the second
sum in (B9). Substitution of these results into (B9) shows that

B' ~ Ble' exp (bux +4et¥) (B20)
as X — oo, where
B} =2|G|cos (y + arg G, — i7) (B21)

is a real constant that depends on R, k; and . Equation (B20) is invalid when

v = 3n —arg G, in which case the asymptotic behaviour of B' is determined by

higher-order terms.
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B.2. The viscous limit of (B 5)

The integrand of (B5) becomes highly concentrated around s = 0 in the viscous
limit R — 0. The rescaled subharmonic amplitude equation therefore reduces to the
ordinary differential equation

BY = xB' + 8iRA'B", (B22)

which differs from the equation obtained by Craik (1971) in that the parametric-
resonance coefficient is purely imaginary. The leading-order term in the small-c
expansion of B' is all that is needed for the subsequent analysis so x is replaced by
unity. As is well known, the solution to (B 22) that satisfies (B 6) is

B' = (4R)'" I (p)eB*+¥1,_, (8Re*) +i (4R)"™ I (p")eR*¥1 . (8Re*), (B23)

where I,(z) denotes the modified Bessel function. It follows from the asymptotic
behaviour of the Bessel functions for large values of their argument (Abramowitz &
Stegun 1964, p. 377) that

Bf ~ n7} | (p)| cos [ + arg I' (p) — %iIn (4R) — Ln] e’ exp ({x + 8Re*)  (B24)

as X — oo — which can also be obtained by applying Laplace’s method to (B9) after
replacing g, and h, with their leading-order small-R behaviour.

Comparing (B 24) with (B 20) shows that the approximation (B 22) is not uniformly
valid as X — co. In fact, keeping the next-order term in the small-R expansion of
(B 5), shows that the next-order correction to the right-hand side of (B22) is

— iz (16R)} Hi(0) A" (q*B** _8iRA" 1’3*) , (B 25)

which implies that (B22) is only valid when x < — %1n(161_{). As X increases beyond
this region, non-equilibrium effects become equal to and eventually exceed viscous-
diffusion effects as a result of the exponential increase in the subharmonic growth
rate produced by the parametric resonance. The subharmonic critical layer is then of
the non-equilibrium type and the rescaled subharmonic amplitude is again given by
(B 20), but with B}, replaced by its small-R limit.

The transition between the large-x asymptotic behaviour (B20) and that given by
(B24) takes place in the streamwise region T = X + §ln(l6R) = O(1) where viscous-
diffusion and non-equilibrium effects are of equal importance. As pointed out by
Goldstein (1994), the relevant solution for the subharmonic amplitude will take on
the WKBJ form

BY = e ¥elih(z) exp [e—l / g(s)ds] , (B26)

b=5b9+eb" + ... (B27)

as € — 0, where € = (16R)%, and b and g turn out to be purely real. Substituting

(B26) into (B5), changing the variable of integration from s to es, expanding the

resulting integrand in a Taylor series about ¢ = 0, and making use of the integral
representation of Hi (Abramowitz & Stegun 1964, p. 448) leads to

B+ (e7'g — ®)b = —LndHi" (—g)b*
+inet 267 Hi" (—g) — Hi"(—g) — Hi" (—g)g'] b* + O(¢) (B28)

as € — 0, where the prime denotes differentiation with respect to the argument.
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Substituting the expansion (B27) into this equation and equating like powers of e
shows that

g= ne’Hl"( —2), (B29)
B~ =B/ + [(k— 1) m) + (ng) | B8 (®30)

Taking the complex conjugate of (B 30) and substituting the resulting expression for

H®™ back into (B 30) leads to a differential equation for b which is easily integrated
to obtain

B9 =B @R @)}, (B31)
where b is a real constant. It follows from (B29) that
. e as T — —o0
/_Oog(s)ds T Y dei + /+OO (E — e%f) dt ast— 4w (B 32)
—w

and, therefore, that the solution (B26), (B29) and (B 31) will match onto (B24) as
T— —aw if

bY = 28774 (p)| cos [y +arg ' (p) — &; In(4R) — ix]. (B 33)
Since (B 32) implies that
+o0
B ~ 1 #b{ exp [6“1/ (g ei ) dr] exp ( T+4e e ) (B 34)

as T — o0, the solution (B 26) clearly has the same downstream asymptotic behaviour
as (B 20).

B.3. The strongly detuned limit of (B 5)

The solution for the subharmonic amplitude in the strongly detuned limit |k;] — oo
behaves similarly to the highly viscous solution. The subharmonic critical layer is
always of the non-equilibrium type in the strongly detuned limit but with the dynamics
dominated by linear-growth effects when X < In &} and by parametric-resonance effects
when x> Ink?. The linear solution (B6) is the leading-order solution in the former
region, while the solution in the latter region is again given by (B20) but with B},
replaced by its large-&; limit, 1.e.

BI, ~ 274%fe 3 cos [p + 4k; (In [R| + 4 In2+ 1) + én — ix] (B 35)

for k; 2 0. Equation (B 35) shows that the amplitude of a strongly detuned subhar-
monic at the end of the initial parametric-resonance stage is, as would be expected,
much smaller than the corresponding amplitude of its order-one &; counterpart.
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